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Abstract. The algebraic L-groups L* (A, X) are defined for an additive cat- 
egory A with chain duality and a A-set X, and identified with the gener- 
alized homology groups H t (X;'L, (A)) of X with coefficients in the algebraic 
L-spectrum L. (A). Previously such groups had only been defined for simplicial 
complexes X. 

Introduction 

A 'A-set' X in the sense of Rourke and Sanderson [8] is a simplicial set without 
degeneracies. A simplicial complex is a A-set; conversely, the second barycentric 
(aka derived) subdivision of a A-set is a simplicial complex, and the homotopy 
theory of A-sets is the same as the homotopy theory of simplicial complexes. How- 
ever, A-sets are sometimes more convenient than simplicial complexes: they are 
generally smaller, and the quotient of a A-set by a group action is again a A-set. 
In this paper we extend the algebraic L-theory of simplicial complexes of Ranicki 
[5] to A-sets. 

In the original formulation of Wall [5j the surgery obstruction theory of high- 
dimensional manifolds involved the algebraic L-groups L*(i?) of a ring with invo- 
lution i?, which are the Witt groups of quadratic forms over R and their auto- 
morphisms. The subsequent development of the theory in [5] viewed L*(i?) as the 
cobordism groups of i?-module chain complexes with quadratic Poincare duality, 
constructed a spectrum L. (R) with homotopy groups L»(i?), and also introduced 
the algebraic L-groups L*(i?, X) of a simplicial complex X. An element of L n (R, X) 
is a cobordism class of directed systems over X of -R-module chain complexes with 
an n-dimensional quadratic Verdier-type duality. The groups L*(R,X) were iden- 
tified with the generalized homology groups H*(X; h,(R)), and the algebraic L- 
theory assembly map A : L*(R,X) — > L*(R[tti(X)]) was defined and extended to 
the algebraic surgery exact sequence 

^ L n (R, X) L n (iJ[7ri {X)]) S n (R, X) L„_ 1 (i? ! X) ■ ■ ■ 

with S n (R, X) the cobordism groups of the i?[7Ti(X)]-contractible directed systems. 
In particular, the 1-connective version gave an algebraic interpretation of the exact 
sequence of the topological version of the Browder-Novikov-Sullivan-Wall surgery 
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theory: if the polyhedron ||A|| of a finite simplicial complex A has the homotopy 
type of a closed n-dimensional topological manifold then <S„+i (Z, A) is the structure 
set of closed n-dimensional topological manifolds M with a homotopy equivalence 
M~||A||. 

The Verdier-type duality of [5] used the dual cells in the barycentric subdivision 
of a simplicial complex X to define the dual of a directed system over X of R- 
modules to be a directed system over X of i?-module chain complexes. The A-set 
analogues of dual cells introduced by us in Ranicki and Weiss [7] are used here to 
define a Verdier-type duality for directed systems of R- modules over a A-set X, 
which is used to define the generalized homology groups L*(i?, X) = H*(X; L.(i?)) 
and an algebraic surgery exact sequence as in the simplicial complex case. The 
algebraic L-theory of A-sets is used in the forthcoming paper of Macko and Weiss 

a- 



1. Functor categories 



For any category X let Ob(A) be the set of objects. For an additive category A 
there is a distinguished element G Ob (A). 

Definition 1.1. (i) A function 

M : Oh{X) -> Ob(A) ; x ^ M(x) 

is finite if M(x) — for all but a finite number of objects x in A. 
The direct sum M(x) will be written as M(x). 

xGOb(X) xGX 

(ii) A functor F : X -> A is finite if the function F : Ob(X) -» Ob(A) is finite. □ 

Definition 1.2. (i) The contravariant functor category A»[A] is the additive cate- 
gory of finite contravariant functors F : X — > A. The morphisms in A* [X] are the 
natural transformations. 

(ii) The covariant functor category A* [X] is the additive category of finite covariant 
functors F : X — > A. The morphisms in A* [A] are the natural transformations. □ 

Remark 1.3. (i) The contravariant and covariant functor categories are related 
by the identities 

A* [X] = A*[X op ] , A* [X] = A4X op ] 

where X op is the opposite of X, the category with the same objects and one mor- 
phism x — > y for each morphism y — > x in X . 

(ii) We use the terminology A* [A"] for a contravariant functor category because 
paradoxically for a A-set X the generalized homology H*(X; L(A)) with co- 
efficients in the L-theory of A (with a chain duality) is the cobordism theory of 
quadratic Poincare complexes in A» [X] . Similarly for the covariant functor cate- 
gory A* [A] and the generalized cohomology _ff*(A;L(A)). □ 

For the remainder of this section we shall only consider the contravariant functor 
category A* [A] , but every result also has a version for the covariant functor category 
A* [A]. 
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Definition 1.4. (i) A chain complex in an additive category A 

C : ... >- Cn+i — 1+ C n — ^ C„_i (d 2 = 0) 

is finite if C„ = for all but a finite number of n G Z. 

(ii) Let B(A) be the additive category of finite chain complexes in A and chain 
maps. □ 



A finite chain complex C in A*[A] is just an object in B(A)*[A], and likewise 
for chain maps, so that 

,[X\) = B(A)*[A] . 



Definition 1.5. A chain map / : C — > D of chain complexes in A* [A] is a weak 
equivalence if each 

f[x] : C[x] -> D[x] (x G X) 
is a chain equivalence in A. □ 



A chain equivalence / : C — * D in A* [A"] is a weak equivalence, but in general 
a weak equivalence need not be a chain equivalence - see 11.111 for a more detailed 
discussion. 

Definition 1.6. Let A be a category, and let x G A be an object. 

(i) The under category x/X is the category with objects the morphisms / : x — > y 

in A, and morphisms g : f — > /' the morphisms g : y — + y' in A such that g/ = /' 

a; 

/' 




2/ *y 

The open siar of x is the set of objects in x/X 

st{x) = Ob(x/A) = {x -> y} . 

(ii) The ower category X/x is the category with objects the morphisms / : y — > a; 
in A, and morphisms <? : / — > /' the morphisms y : y — > y' in A such that gf = f 

y 9 - — ^ 

X 

The closure of x is the set of objects in X/x 

cl(x) = Ob(A/x) = {y -> x} . 

a 



In the applications of the contravariant functor category A* [A] to topology we 
shall be particularly concerned with the subcategory of functors satisfying the fol- 
lowing property. 
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Definition 1.7. A contravariant functor 

F : X — i A ; ih F[x] 

is induced if 

F[x] = Yl M ^ ( x e 0b W) 

x^y 

for a finite function 

M : Ob(A) -» Ob(A) ; a; i-» M(x) , 

The sum ranges over st(x), and since the function M is finite F[x] is only a sum of 
a finite number of non-zero objects in A. □ 

The full subcategories of the functor category A* [A] with objects the induced 
functors F : X — > A arc isomorphic to the following categories. 

Definition 1.8. (i) Let A* (X) be the additive category with objects finite functions 

M : Ob(A) -► Ob(A) ; x ^ M(x) 

or equivalently objects M in A with a direct sum decomposition 

m = M ( x ) 

such that M(x) = for all but a finite number of objects x 6 X. A morphism 
/ : M —> N in A»(A) is a collection of morphisms /(</>) : M(x) — > A(y) in A, one 
for each morphism <fi : x — > y in X. The composite of the morphisms 

/ = {/(<£)} : M —> N , g = {g{9)} : N ^ P 

is the morphism 

gf = {gfm : m-p 

with 

gfty : x - z) = Yl 9(0)f(4>) : M(x) - P(z) . 

(ii) Define a functor 

[ ] : A*(A) -» A*[A] ; M = E M W ^ 

([M] : A;x ^ [M][x] = E M(y)) . 

x^y 

(iii) Let A* (A) = A*(A op ) be defined as in (i), but using the opposite category 
X°p of A. 

(iv) Define a functor as in (iii) 

[ ] : A*(A) -> A*[A] ; M = E M i x ) <-> 

([M] : A X t A;x ^ [M][x] = £ . 

y— >x 

□ 
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Proposition 1.9. (i) For any object M in A*(X) and any object N in A* [A] 
Rom K[x] ([M},N) = 5^Hom A (M(x),JV[af]) . 

(ii) For any objects L, M in A* (A) 

Hom MX) (L,M) = Rom At[x] ([L],[M]) = ]T Hom A (L(x), M (y)) . 

(iii) XTie additive category A*(A) is isomorphic to the full subcategory of the con- 
travariant functor category A*[X] wii/i objects the induced functors. 



Proof, (i) A morphism / : [M] — > A in A* [A] is determined by the composite 
morphisms in A 

M(z) inclusi °P [M][x] f[x] > A[x] (a: g A) 

(ii) By (i), a morphism / : [L] — > [M] in A* [A] is determined by the composite 
morphisms in A 

L{x) inclusion ^ /M > [M][x] = J£ M(y) (x g X) . 

(iii) Every object M in A* (A) determines an induced contravariant functor 

[M] : X^A; [M][x] - ]T M(y) , 

i.e. an object in A* [A], and every induced functor is naturally equivalent to one of 
this type. □ 

Proposition 1.10. The following conditions on a chain map f : C — > D of finite 
chain complexes in A* (A") are equivalent : 



(a) f is a chain equivalence, 

(b) each of the component chain maps in A 

f(l x ) : C{x) -> D(x) (x g X) 

is a chain equivalence, 

(c) [/] : [C] — > [D] is a weaA; equivalence in A» [AT] 



Proof. The proof given in Proposition 2.7 of Ranicki and Weiss [7] in the case when 
A is the additive category of i?-modules (for some ring R) works for an arbitrary 
additive category. □ 

Remark 1.11. Every chain equivalence of chain complexes in A* [A] is a weak 
equivalence. By 1 1.101 every weak equivalence of finite chain complexes in A* [A] is a 
chain equivalence. See Ranicki and Weiss 1.13] for an explicit example of a weak 
equivalence of finite chain complexes in A* [X] which is not a chain equivalence. It 
is proved in J7[ 2.9] that every finite chain complex C in A* [AT] is weakly equivalent 
to [D] for a finite chain complex D in A* (A). □ 
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2. A-SETS 



Let A be the category with objects the sets 

[n] = {0,1,. ...n} (n>0) 

and morphisms [m] — > [n] order-preserving injections. Every such morphism has a 
unique factorization as the composite of the order-preserving injections 

[3 + 1 ifj^i. 

Definition 2.1. (Rourke and Sanderson [8]) A A-set is a contravariant functor 
X : A — > {sets and functions} ; [n] t-> 1^ . 

□ 

Equivalently, a A-set X can be regarded as a sequence (n > 0) of sets, 

together with face maps 

5, : X {n) -> X^-^ (0 < i sC n) 

such that 

(9i<9j = dj-idi for i < j . 
The elements x £ X^™) are the n-simplexes of X. 

Definition 2.2. (Rourke and Sanderson [8]) 

(i) The realization of a A-set X is the CW complex 

oo 

11*11 = ]]_(X {n) x A™)/ ~ 
n=0 

with 

A" = {(s o ,si,...,s n )eM n |0< Si <l, X> i = l}, 

5i : A™ -1 <^-> A™ ; (s , Si, . . . , s„_i) >->• (s , Si, . . . , Sj_i, 0, s i+ i, . . . , s n ) , 

(x,d iS ) ~ (flSji.s) (a; e lW.se 1 1) . 

(ii) There is one n-cell x(A n ) C ||X|| for each n-simplex x S X, with characteristic 
map 

x : A™ -> ; (s , s x , . . . , s„) i-> (x, (s , si, . . . , s„)) . 
The boundary x(dA n ) C ||X|| is the image of 

n 

dA n = Q ^lA"- 1 

i=0 

n 

= {(s , si, . . . , s„) S R n | < Sj ^ 1, X] s '' — 1) s i — f° r some «} 

o 

and the interior x(A n ) C ||X|| is the image of 
A™ = A n \<9A™ 

n 

= {(s 0! si,...,s„)eM™|0<s i <l, E*. = i}^". 

8=0 
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The characteristic map x : A™ — > ||X|| is injective on A™ C A™. □ 

Example 2.3. Let A" be the A-set with 

(A«)0) = {morphisms [to] — > [n] in A} (0 m ^ n) . 

The realization ||A"|| is the geometric n-simplex A" (as in the above definition). It 
should be clear from the context whether A" refers to the A-set or the geometric 
realization. □ 



We regard a A-set X as a category, whose objects are the simplexes, writing 
the dimension of an object x £ X as \x\, i.e. \x\ = m for x E X^ m > . A morphism 
/ : x — ► y from an m-simplex x to an n-simplex y is a morphism / : [to] — > [n] in 
A such that 

f*(y) = xeX^ . 

In particular, for any x G X^ with to ^ 1 there are defined to + 1 distinct 
morphisms in X 

di : diX — > x (0 ^ i < to) . 
Definition 2.4. Let X be a A-set, and let R be a ring. 

(i) The R- coefficient simplicial chain complex of X is the free (left) R- module chain 
complex A(X;R) with 

n 

d = EH* 9 ' : A(X;i?)„ = fl^W] - A(X; R)^ = R[X^] . 

i=0 

The R-coefficient homology of X is the homology of A(X; R) 

H*(X;R) = H*(A(X;R)) = H.(\\X\\; R) , 

noting that A(X; R) is the i?-coefficient cellular chain complex of \\X\\. 

(ii) Suppose that R is equipped with an involution 

R — > i? ; t* i ► 7* 

(e.g. the identity for a commutative ring), allowing the definition of the dual of an 
i?-module M to be the i?-module 

M* = Mod fl (M, R) , RxM* -» M* ; (r, /) ^ (x /(a;)r) . 

The R-coefficient simplicial cochain complex of X 

A(X;R)* = Kom R (A(X; R),R) 

is the i?-module cochain complex with 

n+l 

d* = ^2(-) l d* : A(X;R) n = R[X^}* -> A(X; R) n+1 = R[X^ n+1 '>}* , 

i=0 

The R-coefficient cohomology of X is the cohomology of A(X; R)* 

H*(X;R) = H*(A(X;R)*) = H*(\\X\\; R) , 
noting that A(X; R)* is the i?-coefficient cellular cochain complex of \\X\\. □ 



A simplicial complex X is ordered if the vertices in any simplex are ordered, 
with faces having compatible orderings. From now on, in dealing with simplicial 
complexes we shall always assume an ordering. 



s 
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Example 2.5. A simplicial complex X can be regarded as a A-set, with X^ n > the 
set of n-simplices and 

d t : X {n) -» X {n - 1] ; (v Vi . . . v n ) i-> (v «i . . . ...«„) . 

There is one morphism x — > y in X for each face inclusion x ^ y. The realization 
\\X\\ of X regarded as a A-set is the polyhedron of the simplicial complex X, with 
the characteristic maps x : A' 1 ' — > ||X|| (a; S X) injections. The simplicial chain 
complex A(X; i?) is just the usual i?-coefficient simplicial chain complex of X, and 
A(X;R)* is the i?-coefficient simplicial cochain complex of X. □ 

Example 2.6. Let X be a A-set, and let x S X be a simplex. 

(i) In general, the canonical map 

Ob{x/X) = st (a;) -> Ob(X) ; (x -> y) i-> y 

is not injective. The simplexes y 6 Ob(X)\im(st(x)) are the objects of a sub-A-set 
X\im(st(x)) C X . If X is a simplicial complex then st(x) — > Ob(X) is injective, 
and X\st(x) C X is the subcomplex with simplexes y £ X such that x ^ y. 

(ii) The over category X/x = {y — » x} (|1.6p is a A-set with 

(X/x) (,l) = {y^x|y£X (n) } (n>0) . 
The forgetful functor 

X/x -> X ; (y -> x) y 
is a A-map, with image a sub-A-set im(X/x) C X such that 
Ob(im(X/x)) = cl(x) C Ob(X) . 

If X is a simplicial complex then X/x — > X is injective, and X/x C I is the 
subcomplex isomorphic to A' 1 ' with simplexes y £ X such that y ^ x. □ 

Example 2.7. (i) If a group G acts on a A-set X the quotient X/G is again a 
A-set, with realization ||X/G|| = ||X||/G. However, if X is a simplicial complex 
and G acts on X, then X/G is not in general a simplicial complex. See (ii) for an 
example. 

(ii) Suppose X = M, the A-set with 

= = Z , do W = n , <9i(n) = n + 1 , 

and let the infinite cyclic group G = Z = {i} act onXbyfa = n+l. The quotient 
A-set S 11 = R/Z is the circle, with one 0-simplex xo and one 1-simplex xi 

(S 1 )^ = {x } , (S 1 )^ = {xj , d ( Xl ) = d 1 (x 1 ) = x . 

□ 

Example 2.8. For any space M use the standard n-simplices A" and face inclu- 
sions di : A™ -1 A™ to define the singular A-set X = M A by 

X (n) = M A" ^ Q, . X (n) ^ X (n-1) . x ^ x Q. , 

We shall say that a singular simplex x : A" — * X is a face of a singular simplex 
y : A m — > X if x = y o 9 it o • • • o di m _ n for a given face inclusion 

dh o ■ ■ ■ o d im _ n : A™ — A m , 

writing x ^ y (and x < y if x 7^ y). The simplicial chain complex A(X;R) = 
S(M; R) is just the usual i?-coefficient singular chain complex of M, so that 

H.(\\X\\;R) = H*(X;R) = H*{M;R) . 
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Also A(A; R)* = S(M; R)* is the i?-coefficient singular cochain complex of M, and 
H*(\\X\\;R) = H*(X;R) = H*(M;R) . 

□ 

3. The barycentric subdivision 

The A-set analogue of the barycentric subdivision A' of a simplicial complex 
X and the dual cells D(x, X) C X 1 (x 6 X) makes use of the following standard 
categorical construction. 

Definition 3.1. (i) The nerve of a category C is the simplicial set with one n- 
simplex for each string xo — > x\ — ► • • • — ► x n of morphisms in C, with 

di(x X„) = (x -> Xi -> ► Xj_i -> x, + i -v ► x n ) ■ 

(ii) An n-simplex xo — > xi — > • ■ ■ — > x„ in the nerve is non- degenerate if none of the 
morphisms Xj — » Xj+i is the identity. □ 

If the category C has the property that the composite of non-identity morphisms 
is a non-identity, then the non-degenerate simplices in the nerve define a A-set, 
which we shall also call the nerve and denote by C. 

Definition 3.2. (Rourke and Sanderson [H §4], Ranicki and Weiss [7j 1.6, 1.7]) 
Let A be a A-set. 

(i) The barycentric subdivision of X is the A-set X' defined by the nerve of the 
category A. 

(ii) The dual x 1 - of a simplex x s A is the nerve of the under category x/A (11. 6|) . 
An n-simplex in the A-set x is thus a sequence of morphisms in A 

X ^ X Q ^ X 1 ' " ' " " r X ifl 

such that xo — * x% — *• • • • — » x„ is non-dcgcncratc. In particular 

(x^)^ = {x - x } = st(x) . 

(iii) The boundary of the dual dx 1 - is the sub-A-set of x consisting of the n- 

simplices X ^ X q ^ X\ ^ * * * ^ Xfi 

such that x — > xo is not the identity. □ 

The under category x/A has an initial object, so that the nerve x 1 - is con- 
tractible. The rule x — > x 1 - is contravariant, i.e. every morphism x — > y induces a 
A-map j/ — > x . 

Lemma 3.3. TTie realizations ||A||, ||A'|| of a A-set X and its barycentric subdivi- 
sion X' are homeomorphic, via a homeomorphism |A'| — > ||A|| sending the vertex 
x G A = (A')w io ifte bary centre 

^ = *(-^t, -TT» • • • . -^r) e *(A n ) c ||A|| . 
n + 1 n + 1 7i + l 

Proof. It suffices to consider the special case A = A™, so that A and A' are 
simplicial complexes, and to define a homeomorphism ||A'|| — » ||A|| byxi-^x and 
extending linearly. □ 
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Definition 3.4. Let X be a A-set, and let x G X be a simplex. 

(i) The open star space 

\\st(x)\\ = |J AM C = ||X|| 

is the subspace of the realization ||X'|| of the barycentric subdivision X' defined by 
the union of the interiors of the simpliccs y G x^^x- 1 , i.e. 

y = (x -> x -> • • • -> x n ) G X' 

with x — > £0 = a; the identity. 

(ii) The homology of the open star is 

H,(st(x)) = ff*(A(st(x))) 
with A(st(x)) the chain complex defined by 

A(st(x)) = A(ar J -,9a;" L )*_| a ;| . 

□ 

Lemma 3.5. For any simplex x e X of a A-set X the characteristic A-map 

i : x 1 - — > X' ; (x — > .x — > • • • — > ar„) h-> (a; — > > x„) 

is injective on x ± \dx ± . The images i(dx ± ),i(x ± ) C X' are sub-A-sets such that 

||i(^)||\||i(9^)|| = listen C ||X'|| 
and there are homology isomorphisms 

H*(st(x)) = H*_\ x \(x J -,dx J -) 

= H*_^{i(x^),i(dx^)) 

- tf»(||X||,|jX|j\|jst(x)||) 

- H*{\\XU\X\\\{x}) . 



Proof. The inclusion (||X||, ||X||\||st(x)||) ^ (||X||, ||X||\{x}) is a deformation re- 
traction, and the open star subspace ||st(x)|| C \\X\\ has an open regular neigh- 
CD 

bourhood ||st(x)| x A I x C \\X\\ with one-point compactification 

o 

(||st(x)|| x A^) 00 = ||i(a;" L )||/||i(9ar" L )|| A A' X '/<9A' X ' , 

so that 

h^\\x\\,\\x\\\{x}) - ff*(||x||,||x||\||st(x)||) 

S ff*(||i(a;- L )||/||i(9a;- L )|| A Al x l/<9Al x l) 
= H^_ N (i(x ± ),i(dx ± )) . 

□ 

Example 3.6. Let X be a simplicial complex. The barycentric subdivision of 
X is the ordered simplicial complex X' with one ra-simplex for each sequence of 
proper face inclusions xq < x\ < ■ ■ ■ < x n . By definition, the dual cell of a 
simplex x G X is the subcomplex D(x, X) C X' consisting of all the simplexes 
x < x\ < ■ ■ ■ < x n with x < x . The boundary of the dual cell is the subcomplex 
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dD(x,X) C D(x,X) consisting of all the simplexes xq < x\ < ■ ■ ■ < x n with 
x < xq. The A-sets associated to X, X' , D(x, X),dD(x, X) are just the A-sets 
X, X', x- 1 , dx 1 ^ of 13. 21 with the characteristic map i : x 1 - — D(x. X) — » X' injective. 
Moreover, X\st(x) C X is a subcomplex such that 

||X\st(z)|| = ||X||\||st(x)|| 

and 

A(st(x)) = A(D(x,X),dD(x,X))*_ lx \ ~ A(X,X\st(x)) . 

□ 



Example 3.7. Let X be the A-set (|2.7|) with one 0-simplex xq and one 1-simplcx 
Xi, with non-identity morphisms 



x atx 

and realization ||X|| = 5 1 . The barycentric subdivision X' is the A-set with 2 
0-simplexes and 2 1-simplexes: 

X' (0) = {x ,xi} , = {*o=£*i } . 

The duals and their boundaries are given by 

Xq = { Xq X , Xq T Xi } U { ^0 *- ^0 T X\ } , 

94 = { £o — zi } = {0,1} , 

Xj 1 = { x 1 >. xi } , dxi = . 

The characteristic map i : Xq — > X' is surjective but not injective, and 

(z if re = 1 



£f„(x ,dx ) = H n (i(x ), z(<9x )) 



if n ^ 1 



□ 



Example 3.8. Let X be the contractible A-set with one 0-simplex xo, one 1- 
simplex x\ and one 2-simplex X2, with non-identity morphisms 



Xq T 3Cl , X\ X2 , Xq s- Xi 




The realization ||X|| is the dunce hat (Zeeman |13jV The barycentric subdivision 
X' is the A-set with 3 O-simplexes, 8 1-simplexes and 6 2-simplexes: 

X' (0) = {XQ,X1,X2} , 



X' {1) = { xq f Xi } U { x 1 X 2 }\J{Xq x 2 } 



X' (2) = { X ^ Xi ^2 } 
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»- Xq 



The duals and their boundaries are given by 

{ X s- X , X jT Xl , Xq j- x 2 } 

U{ x >■ x T xi , x s- x — 



x n — 



U{ x 



■X 



■ X 2 , £0 
f^l = ^ 



' £l 



^2 } , 



dx^ 



xi 



: { X 
{ S- Xl 



■ X 2 } U { Xq X! 



- Xl , Xq — ^ 

Xl V X 2 } U { Xi s- Xi 



-X 2 } , 

'■ X2 } , 



1341 



■ x 2 } 

S 1 VS 1 , 



dxf = 



x 2 



{xi^x 2 } , \\dxt\\ ~ {0,1,2} 

{ x 2 *- x 2 } , dx^ = . 



The characteristic map i : Xq — > X' is surjective but not injective, with 

lj*(4)ll * {*}, ^^vs 1 

and 

JL « M _ rr M •/« J-v C ZffiZ ifn = 2 



i7„(x ,<9x ) = ff n (i(a; ),i(9a; )) 







if n ^ 2 . 



The characteristic map i : x^ — > X' is neither surjective nor injective, with 



^VS 1 , ||i(^)|| ~ {*} 



and 



H n (xi,dxi) = H n (i{xi),i(dxi)) 



Z © Z if n = 1 
if n ^ 1 . 



□ 



Example 3.9. For an ordered simplicial complex X a morphism in A*(X) is just a 
morphism / : M — > N in A between objects with finite direct sum decompositions 

m = M ( x ) . N = E ^(f ) 

yeA 



£CGA 



such that the components /(x, y) : M(x) — > N(y) are unless x < y. 



□ 



Definition 3.10. Given a ring i? let Mod(i?) be the additive category of left R- 
modules. For R= Z write Mod(Z) = Ab, as usual. □ 
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Proposition 3.11. (Ranicki and Weiss [Jj 1.9]) 

(i) The R-coefficient simplicial chain complex A(X';R) of the barycentric subdivi- 
sion X' of a A-set X is a chain complex in Mod(R)*(X) with 

A(X';R)(x) = A(x x ,dx ± ;R) , [A(X';R)][x] = A(x ± ; R) (x e X) . 

(ii) Let f : Y —> X' be a A-map from a A-set Y to the barycentric subdivision X' of 
a A-set X . The R-coefficient simplicial chain complex A(Y; R) is a chain complex 
in Mod(i?)*(X) such that 

A(Y;R)(x) = A(x/f,d(x/f);R) , [A(Y; R)][x] = A(x/f; R) (x e X) 

with xj f , d(x/ f) the A-sets defined to fit into strict pullback squares of A- sets 

d(x/f) — *x/f 

dx 1 - »- x 1 - — X' 

□ 

4. The total complex 

We shall be concerned with both covariant and contravariant functors of the type 

C : X = A-set — > chain complexes in an additive category A . 

In both cases there is defined a chain complex in A, called the 'total complex' of 
C. The total complex is denoted by C*[X] for contravariant C, and C*[X] for 
covariant C. 

Definition 4.1. The total complex of a finite chain complex C in A* [X] is the finite 
chain complex C*[X] in A*(X) given by 

C*[X]„ = £ C[ x }n-\x\ j C* [X] (x) n = C[x] n —\ x \ , 

x<£X 

|x| 

d = dcM + H" -1 * 1 : C„[X]„->C„[.X]n-i • 

t=0 

The construction is natural, defining a covariant functor 

Tot, : !(A)*psT] -»B(A)*(X) ; C ^ C,[X] . 

□ 

Remark 4.2. The total complex in 14.11 is the homotopy colimit (Bousfield and 
Kan [T]) in the chain homotopy category 

C*[X] = hocoUmCfx] 

= f E a(aN)%c[A~ 

\xex J 
with ~ the equivalence relation generated by 

a <g> f*b ~ /*a ® & for a morphism / : y — > z in X, with a £ A(A' y ') , b 6 C[z] . 

□ 
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Example 4.3. The simplicial chain complex A(X) of a A-set X is the total com- 
plex in Kb*(X) of the chain complex C in Ab*[X] defined by the constant con- 
travariant functor 

C : X — ► Ab ; x i— * C[x] = Z , 

that is 

Apr) = c*[x] . 

□ 

Definition 4.4. The total complex of a finite chain complex C in A* [X] is the finite 
chain complex C*[JT] in A*(X) given by 

C*[X] n = £ C[x] n+ | K | , C*[^](ar)„ = C[z] n+N , 

d = d c[x] + (-) n+ W E (-)*$ : C*[X] n ^C*[X]„_! . 

8=0 

The construction is natural, defining a covariant functor 

Tot* : B(A)*[X] -> 1(A), (X) ; C i-> C*[A] . 

□ 

Remark 4.5. The total complex in 14.41 is the homotopy limit (Bousficld and Kan 
PQ) in the chain homotopy category 

C*[X] = holimC[x] 

= C^HomzCACAH),^]))/- 
with ~ the equivalence relation generated by 

(a — » ~ (/*a — > 6) for a morphism / : y — > z in X, with a G A(A' y ') , b 6 C[z] . 

□ 

Example 4.6. The simplicial cochain complex A(A)~* of a A-sct X (regarded as 
a chain complex by reversing dimensions) is the total complex in Ab* (X) of the 
chain complex C in Ab* [X] defined by the constant covariant functor 

C : X — » Ab ; x i— ► = Z , 

that is 

Apr) - * = C*[A] . 

□ 

Remark 4.7. In the terminology of Lubkin [3J 1.2] a covariant functor F : X — ► Ab 
is a sheaf of abelian groups on X, and the cohomology groups of X with coefficients 
in F are the homology groups of the total complex F* [X] 

H*(X;F) = H-*(F*[X]) . 

Dually a contravariant functor F : X — > Ab is an antisheaf (or cosheaf) of abelian 
groups on X , and the homology groups of X with coefficients in F are the cohomol- 
ogy groups of the total complex [X] 

H*{X-F) = H*(F*[X\) . 

□ 
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Remark 4.8. There are evident forgetful functors 

1(A), (X) -> B(A) ; C i-> C(X) , 
1(A)* {X) -> B(A) ; C i — ► C(X) . 

(i) The diagram 

B(A)*(X) ^1(A),[I]^E(A)*(I) 




does not in general commute up to chain homotopy: for any finite chain complex 

xeXx^y y£X 

with X/y the A-set defined in 12.61 which may not be contractible. However, if X 
is a simplicial complex then X/y = A^l C X is contractible, and the diagram does 
commute up to chain homotopy: define a chain equivalence [C]*[X] — > C(X) by 

[CUX] n = £ £ C(y) n _ lx] = £(A(X/y)® z C(y))„ C(X)„ = £ C(y) T 

i£X a;— *y y£X yeX 

with e : A(X/y) — A( A' y ' ) — » Z the augmentation chain equivalences, 
(ii) The diagram 

B(A)*(X) *-B(A)*[JT] ^^B(A)*(X) 




does not in general commute up to chain homotopy, even if X is a simplicial com- 
plex: for any finite chain complex C in A*(X) 

[c]*[x] n = J212 c (y)n+\*\ = E Hom z( A (*> x \ st (2>))' c '(2/))™ 

x£X y—*x y£X 

with X\st(y) C X the subcomplex defined by the complement of the open star 
st(y) C X (jl.6p . consisting of all the simplexes x £ X such that y ^ x, so that 
[C]*[X] may not be chain equivalent to C(X) in A. □ 

Proposition 4.9. (i) For any objects M, N in A*(X) i/ie abelian group Hom At (x) (M, TV) 
is naturally an object in Ab*(X), with 

Hom At(x) (M,iV)(x) = Rom A (M(x),[N][x\) 

= J2 Hom A (M(x),N(y)) (x £ X) . 

x^y 

If f : M' —* M, g : N — > N' are morphisms in A*(JT) there is induced a morphism 
in Ah* (X) 

Rom A , {x) (M,N) -> Rom A , {x) (M',N') ; h^ghf . 
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(ii) For any objects M, N in A*(X) the abelian group Hom^* (x)(M, N) is naturally 
an object in Ab*(X), with 

Hom A . (x) (M,A0(x) = HomA (M(x),[N] [x] ) 

= £ Hom A (M(a;),iV(y)) {x e X) . 

Naturality as in (i). 

Proof. Immediate from 11.91 □ 

Example 4.10. (i) For a chain complex C in Ab*(A) the total complex in Ab*(A) 
of the corresponding chain complex [C] in Ab* [X] is given by 

[C%[X] = Hom Ab , (x) (A(X)-*,C) . 

(ii) For a chain complex D in Ab*(A) the total complex in Ab»(A) of the corre- 
sponding chain complex [D] in Ab* [X] is given by 

[D]*[X] = Rom Ah , {x) (A(X),D) . 

□ 



5. Chain duality in L-theory 

In general, it is not possible to extend an involution T : A — > A on an additive 
category A to the functor category A*(X) for an arbitrary category X. An object 
in A*(X) is an induced contravariant functor F : X — > A and the composite of the 
contravariant functors 




is a covariant functor, let alone an induced contravariant functor. A 'chain duality' 
on A is essentially an involution on the derived category of finite chain complexes 
and chain homotopy classes of chain maps; an involution on A is an example of a 
chain duality. Given a chain duality on A we shall now define a chain duality on 
the induced functor category A* (A), for any A-set X, essentially in the same way 
as was carried out for a simplicial complex X in [5]. 

Definition 5.1. (Ranicki [SJ 1.1]) A chain duality (T, e) on an additive category A 
is a contravariant additive functor 

T : A -> 1(A) 

together with a natural transformation 

e : T 2 -> 1 : A -» B (A) 

such that for each object M in A 

(i) e(T(M)) o T(e(M)) = 1 : T(Af) -> T 3 (A/) -> T(M) , 

(ii) e(M) : T 2 (M) — > M is a chain equivalence. 



□ 
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A chain duality (T, e) on A extends to a contravariant functor on the bounded 
chain complex category 

T : 1(A) -> 1(A) ; C^T(C) , 
using the double complex construction with 

T(C) n = J2 T ^ C p)i > ^(C) = d T(c P ) + R 9 T(d : C p+1 - C p ) , 

and e(C) : T 2 (C) — > C a chain equivalence. For any objects M,N in an additive 
category A there is defined a Z- module Hohia(M, A). Thus for any chain complexes 
C, D in A there is defined a Z- module chain complex HomA(C, D), with 

Hom A (C,^)„ = HomA(C p ,£> 9 ) , (/) = d D f + (-Yfd c • 

If (T, e) is a chain duality on A there is defined a Z-module chain map 

HoniA (TC, D) Hom A (TD, C) ; / ^ e(C)T(/) 
which is a chain equivalence for finite C. 

Example 5.2. An involution (T, e) on A is a contravariant functor T : A — > A 
with a natural equivalence e : T 2 — > 1 such that for each object M in A 

e(T(M)) = T(e(M) _1 ) : T 3 (Af) -> T(M) . 

This is essentially the same as a chain duality (T, e) such that T(M) is a 0- 
dimensional chain complex for each object M in A. □ 

Definition 5.3. A chain product (<8>a> b) on an additive category A is a natural 
pairing 

(g>A : Ob(A) x Ob(A) -> {Z-module chain complexes} ; (M, AT) i-> M © A A 7 ' 
together with a natural chain equivalence 

b(M,N) : M ® A N -> N ® A M 
such that up to natural isomorphism 

(M © M') © A A = (M © A A r ) © (M' ©a N) , 
M® h (N®N') = (M ©a A) © (M ©a A') 

and 

6(A, M) o b(M, A) ~ 1 : M © A A — »■ M ® A A . 

□ 

Remark 5.4. The notion of chain product is a linear version of an 'SW-product' 
in the sense of Weiss and Williams [TT], where SW = Spanier- Whitehead. 

□ 

Given an additive category A with a chain product (©a, b) and chain complexes 
C, D in A let C ©a D be the Z-module chain complex defined by 

(C© A -D)„ = Yl ( C P®^ D q)r , d C ® k D = d Cp ® kCq + {~Y ( 1 ®d D + {-f d C © 1) . 
p+q+r=n 

By the naturality of b there is defined a natural chain equivalence 

b(C, D) : C ® A D -> D(E> A C . 
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Proposition 5.5. Let A be an additive category. 

(i) A chain duality (T, e) on A determines a chain product (<8>a, b) on A by 

M® A N = Rom A (TM,N) , 
b(M, N) : M <g> A N -> N <8> a M ; 

(/ : TM -> AT) h-> ( e (M) o T(f) : TN -» T 2 M -> M) . 

(ii) // (®a, 6) «s a chain product on A swc/i that 

M® A N = Hom A (TM, AT) , b(M,N)(f) = e(M) o T(/) 

/or some contravariant additive functor T : A — > B(A) and natural transformation 
e : T 2 — > 1 : A — > B (A), i/ien (T, e) is a c/iaira duality on A. 

Proof. Immediate from the definitions. □ 

Example 5.6. Let i? be a ring with an involution i? — > R;r i— > r. Regard a (left) 
i?-module M as a right i?- module by 

M x R—> M ; (a:, r) h-> rx . 

Thus for any i?-modules M, A" there is defined a Z-module 

M ® R N = (M ® z N)/{fx ® y - x (g> ry \ x e M,y £ N,r e R} 

with a natural isomorphism 

b(M, N) : M ® R N -> AT ® fl M ; x®y^>y®x 

defining a (O-dimensional) chain product (<%>r, b) on the i?-module category Mod(i?). 
As in 12.41 use the involution on R to define the contravariant duality functor 

T : Mod(.R) -► Mod(i?) ; M h-» M* = Rom R (M,R) 

with 

i? x M* -> M* ; (r, /(a;)r) . 

The natural Z-module morphism defined for any i?-modules M, A" by 

M <g) H AT — > Hom fl (M*, AT) ; x®y»(f» f(x)y) 

is an isomorphism for f.g. projective M. The i?-module morphism defined for any 
i?-module M by 

e'(M) : M -> M** ; x i-> (/ h-> /(a;)) 

is an isomorphism for f.g. projective M. Let Proj(i?) C Mod(i?) be the full 
subcategory of f.g. projective i?-modules. The natural isomorphisms 

e(M) = e'(M)- 1 : M** -> M 

define an involution (T, e) on Proj(i?), corresponding to the restriction to Proj(i?) 
of the chain product (®r, b) on Mod(i?). □ 

Proposition 5.7. (Ranicki [5, 5.1,5.9,7], Weiss [TO] 1.5]) 

A chain duality (T A ,e A ) on an additive category A extends to a chain duality 
(TA,(x),e A »(x)) on A*(X), for any A-set X 

T kt(x) : K{X) ^A4X]-^tB(A)*(X)-^B(A)*pf) 
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where T A : B(A)*(X) — > B(A)*(X) is the extension of the contravariant functor 
T A : A*(X)^B(A)*(X) ; M = ^ M{x) ~ T A {M) = ^ T A (M(x)) . 

More explicitly, the chain dual of a finite chain complex C in A*(X) is given by 
T K( x)(C) = T A ([CUX}) , 

with 

T A , {x) {C){x) = T A ([C][z]*_ w ) 

= J2 T &( c (y)*-\*\) 

Example 5.8. Let A = A(Z), the additive category of f.g. free abelian groups. 

(i) For any finite chain complex C in A*(X) the total complex in A*(X) of the 
induced finite chain complex [C] in A* [X] is given by 14.101 to be 

[CUX] = Hom Mx) (A(X)-*,C) , 

so that the chain dual of C is given by 

T Ati x)(C) = Hom A (Hom A>(x) (ApO-*,C),Z) . 

(ii) As in l3.11l regard the simplicial chain complex A(X') of the barycentric subdi- 
vision X' of the A-set X as a chain complex in A*(X) with 

A(X')(x) = A(x ± ,dx ± ) (x e X) 

The chain dual T(A(X')) is the chain complex in A*(X) with 

T(A(X'))(x) = A(x ± ) lxl ~* (xeX). 

The augmentation maps A(x ± ) Z are chain equivalences, so that T(A(X')) is 
chain equivalent to A(X)~* (jlTS]) . 

□ 

Remark 5.9. (i) It is possible to extend a chain duality T A on A to chain dualities 
on each of the functor categories A*(X), A*[X], A*(X), A*[X]. In particular, for 
the covariant functor category A* [X] let 

T A , [X] : A*[X] — ^ A*[X] — ^tB(A)*(X) *-B(A)*[X] . 

(ii) Let A be an additive category such that for any objects M, N in A the additive 
group Hoiua (M,N) and its subgroups are objects in A. For any objects P,Q in 
A*[X] define RHom A » < x i (P, Q) to be the object in A*[X] with 

RRom A , [x] (P,Q)[x] = Hom A , [x/x] (P\ x/x ,Q\ x/x ) (x E X) . 

Suppose given a chain duality T A on A with a dualizing complex, that is a finite 
chain complex B in A such that 

T A = Kom A (-,B) : A — > B(A) , 

and for any finite chain complex C in A 

T A (C) = Hom A (C,S) . 
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Let D be the chain complex in A* [X] defined by 

D[x) = A(st(x)) 8zB(i£ X) 
(st(x) as in ll.6|) . with a morphism x — » y inducing the chain map 



D[x] -» D[y] ; (/ : x 



(y -> z) if / : ac -> y ■ 
otherwise . 



Then D is a dualizing complex for the chain duality T&* [x] on A* [X] , with 

T A * [X] (C) = BHom M[x] (C,D) 
for any finite chain complex C in A* [X] . 

(iii) See Fimmel P] and Woolf [T2] for Verdier duality for local coefficient systems 
on simplicial sets and simplicial complexes. In particular, [T^] relates the chain 
duality of [5, Chapter 5] defined on Proj(i?)*(X) for a simplicial complex X to 
the Verdier duality for sheaves of i?-module chain complexes over the polyhedron 
11X11. □ 



For any additive category with chain duality A let L.(A) be the quadratic L- 
theory f2-spectrum defined in Ranicki [5], with homotopy groups 

tt„(L.(A)) - L n (A) . 



It was shown in [5j Chapter 13] that the covariant functor 

{simplicial complexes} — > {il— spectra} ; X i— > L.(B(A*(X))) 

is an unreduced homology theory, i.e. a covariant functor which is homotopy in- 
variant, excisive and sends arbitrary disjoint unions to wedges. More generally : 

Proposition 5.10. ([SI 13.7] for simplicial complexes) 

(i) 7/ A is an additive category with chain duality and X is a A-set then A*(X) is 
an additive category with chain duality. 

(ii) The functor 

{A-sets} -> {fi-spectra} ; X^L*(A,X) = L.(B(A*(X))) 

is an unreduced homology theory, that is L*(A,X) = H^(X;]L t (A). 

(iii) Let R be a ring with involution, so that A = Proj(i?) is an additive category of 
f.g. projective R-modules with the duality involution. If X is a A-set andp : X — » X 
is a regular cover with group of covering translations tt (e.g. the universal cover 
with it = wi(X) ) the total complex assembly functor 

A : M{R)*(X) ->M(R[tt]) ; C t-> C[X] 

(C[X] n = £ C\p(x)] n _ lxl ) 

is a functor of additive categories with chain duality. The assembly maps A induced 
in the L-groups fit into an exact sequence 

^ H n (X;h.(R)) L„(i?[7np0]) -+S n (R,X) ^ H n ^(X;U(R)) -»-•■■ 

with S n (R, X) the cobordism group of the R\-K\(X)\-contractible (n— 1) -dimensional 
quadratic Poincare complexes in A*(X). 
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Proof. Exactly as for the simplicial complex case, but using the A-set duals instead 
of the dual cells! □ 

Example 5.11. Let X = S 1 be the A-set of the circle fliTTl ET7|) with one 0- 
simplex and one 1-simplex. Given a ring with involution R let the Laurent poly- 
nomial extension ring have the involution J = z~ x . An n-dimensional 
quadratic Poincare complex in Proj(i?)*(S' 1 ) is an n-dimensional fundamental qua- 
dratic Poincare cobordism over R, with assembly the union n-dimensional quadratic 
Poincare complex over R[z, z~ l ], and the assembly maps 

A : fl n (S ,1 ;L.(iJ)) = L n (R) © L n ^(R) -> L n (R[z, z^ 1 }) 

are isomorphisms modulo the usual iC-theoretic decorations (Ranicki [5J Chapter 
24]. □ 

Remark 5.12. Proposition 15.101 has an evident analogue for the symmetric L- 
groups L*. □ 
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